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Introduction.
Blackwell sets, which function in the category of measurable spaces as an analogon to compact spaces in the topological category, have been the focus of some recent papers [1] [2] [3] [4] [5] 8] . For the motives behind such study, as well as a survey of basic results, the reader is referred to [1] . In particular, Jakub Jasinski [5] has shown that, with the assumption of Martin's Axiom (MA) and the negation of the Continuum Hypothesis (CH), these spaces are poorly behaved under the operations of product and intersection.
By making use of some theory developed with the assistance of Bhaskara Rao [8] , it is possible to demostrate similar pathologies under the assumption of CH. A construction is given in the proposition of §3 infra.
Preliminaries.
A measurable space (A, B) is separable if its Borel structure B = B(X) is countably generated (e.g.) and contains all singleton sets drawn from A. If F C A, then (Y, B(Y)) is again separable, where B(Y) = {BnY : BeB(X)}.
A aeparable space (S, B) is standard if there is a complete separable metrizable (i.e., Polish) topology on S whose Borel a-field is B = B (S). A subset of a separable spaces is analytic if it is a measurable image of a standard space. Any two uncountable standard spaces are Borel-isomorphic [6, pp. 487-489] .
A separable space A has the Blackwell property if S (A) does not properly contain any e.g. sub-rr-algebra separating points of A. A separable space A has the strong Blackwell property if any two e.g. sub-tr-algebras of B(X) with the same atoms coincide. Every analytic space has the strong Blackwell property. For proof of this and other facts concerning Blackwell sets, consult the monograph [1] .
Let S be a standard space. A subclass I of B(S) is a o-ideal if it is closed under countable unions and has the property that NC\B E I whenever N E I and BeB(S).
If A C S, we write (A) to denote the subset (A) = (A x S) U (S x A) of S x S. A subset R of 5 x S is I-reticulate if R C (A) for some A € J. A subset A of S is I-dense in S if A has nonvoid intersection with every set in B(S)\I.
A set A C S is I-dense of order 2 in S if A x A meets every set R E B(S x S) which is not J-reticulate.
Let T C S x S be the graph of a Borel-isomorphism between two sets in B(S). The set T is an I-thread if it is not J-reticulate.
A subset A of S is I-Lusin if A is uncountable and A D A is countable for each N E I. If m is a Borel probability on a Polish space S, and I is the tr-ideal of m-measure zero (resp. first category) sets in B(S), then the J-Lusin sets are commonly called Sierpiñski (resp. Lusin) sets. For further explication of the idea, see [7] .
These notions enter into the study of Blackwell properties by dint of the following results. These results greatly facilitate the construction (and destruction) of sets with Blackwell properties. The following is an example which will be used later. LEMMA 3. Suppose that X is a subset of a standard space S such that X x S is Blackwell. Then for each analytic set A C (S x S)\(X x A) there is an analytic set Q C S such that A c (Q) and such that QdX is empty.
PROOF. Let I be the (7-ideal of all sets A E B(S x S) such that A n (A x S) is empty. Clearly, A x S is J-dense in S x S. Since A is analytic, there is some measurable surjection / : 5 -> A. Define a Borel subset T of (S x S) x (S x S) by T = {(si,S2,ti,t2): s2 = i2 and f(s2) = (»i,ii)}.
Then T is disjoint from (A x S) x (X x S). Furthermore, each section of T (in either direction) over any point of S x S is at most a singleton. Now Lemma 2 implies that (X x S) x (X x S) meets every J-thread in (S x S) x (S x S). It must be, therefore, that T is J-reticulate. So there is a set A € J with T C (A). Let p: S x S -► S be the natural projection to the first coordinate. Then Q = p(N) is an analytic subset of 5 such that A c (Q) and such that Q n A is empty. Q.E.D.
Main results.
We investigate the preservation of Blackwell properties under the operations of product and intersection. It seems that not much can be said in general. Jasinski [5] has shown that under the assumption of MA and not-CH, various pathologies surface. We complete the picture by exhibiting such behaviors under CH. But first, two examples of regular conduct are examined. LEMMA 5. Suppose that X is an analytically separated subset of an uncountable standard space. Let A be an uncountable analytic set. The following are equivalent:
(1) X x S is Blackwell; (2) X x S is strong Blackwell; (3) A x A is Blackwell; (4) A x A is strong Blackwell. To show (1) -♦ (2), we employ Lemmas 1 and 3. Let J be the tr-ideal in B(S x S) comprising sets whose intersection with X x S is countable. Clearly, X x S is ILusin. We shall prove that A x S is J-dense of order 2 in S x S. Lemma 1 will then imply that X x S is strong Blackwell.
Given a Borel set R C (SxS)x(SxS) not intersecting (XxS)x(XxS), define p: (S x S) x (S x S) -► S x S to be the projection map p(si,S2, S3,s4) = (si, S3). Then p(R) is an analytic subset of (S x S)\(X x A). By Lemma 3, there is an analytic set Q C S such that p(R) C Q and such that QnA is empty. It will follow from the separation property for A that there is some N E B (S) with A n A = 0 and such that p(R) C (A). Then Rc(NxS), and (A x S) D (A x S) = 0. Thus X x S is J-dense of order 2. Q.E.D.
PROPOSITION (CH).
Let S be an uncountable standard space. Then there is a strong Blackwell subset X of S and an analytic subset A C S such that neither X x S nor X 7\ A is Blackwell.
DEMONSTRATION. We realize S as the union of intervals (-1,0) U (0,1) under the usual linear structure.
Let f: S -► S be the Borel automorphism defined by f(s) = ~s-Let A+ be an analytic, non-Borel subset of (0,1) and put A = A+ U f(A+). Let Aq be the graph of the restriction of / to the set A. Now define J to be the cr-ideal in B(S) generated by all standard subsets of A and all standard subsets of S\A. Each set in J decomposes into the union of two such sets. Let R0R1R2 ■ ■■ Ra ■ ■ ■, a < c, be a transfinite listing of all sets in B(S x S) that are not J-reticulate.
Call a subset P of A trivial if there is some N E I with P C A. List in transfinite series Pn.Pi • ■ • PQ • • ■, a < c, all nontrivial analytic subsets of A. Also list the sets in J as An Ai • ■ ■ Na ■ ■ ■, a < c, and define Ma =\J{Nß :ß<a}.
Observe that if R is a set in B(S x S) which is not J-reticulate, then R is not a subset of Aq. Choose a point (xo, yo) in i2n\((Mrj) U Ao). Define i/o = {xq, t/o}fli and select a point 2n from Po\f(Uo)-Put A0 = {xo,yo-,zo}-In general, we assume that for each ß < a, a countable set Xß has been defined so that (Xß x Xß) n Rß and Xß n Pß are nonvoid, while (Xß x Xß) H Ao = 0-Also, we assume that for 7 < ß < a one has Xß n M~, = X1 n M-,. Define Ya = \J{X0: ß<a) and Za = Ya n A.
Noting the assumption of the continuum hypothesis, we select a point (xa,ya)
from Ra\((Ma U f(Za)) U A0). Define Ua -Za U ({xa,ya} n A) and select an element za from Pa\f(UQ).
Put Xa = YaU {xa,ya,za}. Then (Aa x Xa) n i2Q
and AQ n PQ are nonnull, whilst (Xa x Xa) n An = 0. Also, if 7 < a, then Xa DM-, = X1 C\M1.
Define A = U{^a : ce < c} = {xa,ya,za: a < c}. Clearly, A is J-Lusin and J-dense of order 2 in S. It follows from Lemma 1 that A has the strong Blackwell property. Now note that (A x A) D A0 = 0. Suppose that Q is an analytic subset of S with Aq C (Q). Then put P = Q n A and observe that A0 C (P).
CLAIM 1. The analytic set P is nontrivial. Suppose that this is not the case.
